Abstract--This paper is concerned with the oscillation of solutions of higher order nonlinear delay difference equations with forcing terms of the form
INTRODUCTION
The problem of oscillation and nonoscillation of solutions of difference equations has received a great deal of attention during the last few years. Much of the work, however, has been restricted to first and second order homogeneous difference equations and provides only sufficient conditions for oscillation (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] and the references cited therein). There is considerably a limited number of works concerning the oscillation of higher order difference equations. For some results, we refer in particular to [9] [10] [11] [12] [13] [14] .
Here in this article we deal with higher order nonlinear delay difference equations with forcing terms of the form
Anx(t) + f(t, x(t), x(a(t))) = h(t),
t e I = {0, 1, 2,... },
and establish a necessary and sufficient condition for the oscillation. We also apply our technique to obtain new oscillation criteria for solutions of neutral type delay difference equations of the form An[
x(t) + a(t)x(v(t))] + f(t, x(t), x(a(t))) = h(t)
, t e I = {0, 1,2,... }.
With regard to equations (1) and (2), the following conditions are assumed to hold without further mention:
(a) a, r : I --* I, a(t) <_ t, r(t) < t, and limt-.oo a(t) = limt-.oo r(t) = oo; By a solution of (1) we mean a sequence {x(t)} defined for t >_ minsel{a(s)} and which satisties (1) for t > 0. A solution of (2) may be defined analogously. As is customary, a solution x(t) of (1) or (2) is said to be oscillatory if for every T E I there is a t > T such that x(t)x(t + 1) < 0. Otherwise the solution is nonosciUatory; i.e., the terms x(t) are either eventually all positive or eventually all negative. A nonoscillatory solution x(t) is called strongly monotone if AJx(t) for j = 0, 1,... ,n -1 tend monotonically to zero as t approaches infinity.
Some particular results obtained for (1) may be considered as the discrete analogs of the results of Kusano and Onose [15] .
KNESER'S LEMMA
The following lemma of Kneser, which can be found in [16] , will be a crucial tool in obtaining the results of this paper. 
THE MAIN RESULTS
We shall begin with a theorem which provides a sufficient condition for the oscillation of solutions of (1).
THEOREM i. Assume the following. (HI) ¢(t) is a nonnegative function on I and w(x) > 0 for x > 0 is a continuous nondecreasing function on R+ = [0, oo) such that

[f(t,x,y)[ > ¢(t)w ( [Y[ -and ~o a-a dx w(x----~ < oo, for any a > 0. (H2) p(t) is an oscillatory function such that Anp(t) = h(t) mad limt-..oo p(t) = O.
(H3) limt_.~Akp(t) = 0, k = 1,2,... ,n -1, when n is odd. (1) is oscillatory when n is even and is either oscillatory or strongly monotone when n is odd.
PROOF. The proof of this theorem is based on arguments developed in [15] , but is quite different due to the discrete nature of the difference equation (1) . Let x(t) be a nonoscillatory solution of (1). Without any loss of generality, we may assume that x(t) > 0 for t sufficiently large; replacing x and f(t, x, y) by -x and -f(t,-z,-y) otherwise. 
Setting y(t) = x(t) -p(t),
A"y(t) = -y(t, ~(t), z(~(t))) < 0 (6)
for t E/to. Thus, the conditions of Kneser's lemma are satisfied with u replaced by y. Let n be even. Then the number l associated with y is a positive integer and therefore y is an increasing function. Let {tk} be an increasing sequence in I so that limk_~ tk = c~ and 21-n+la(tk) E Ito for k _> 1. In view of (iii) of the lemma, we see that (r) where cl > 0 is an appropriate constant. Now since a(t) <_ t and An-ly(t) is decreasing, it follows from (7) that
y(cr(tk)) > y(2l-n+lcr(tk)) > Cl[(r(tk)](n-1) An-ly(cr(tk)),
y(a(tk)) > cl[a(tk)](n-1)A~-ly(tk). (8)
On the other hand, since limt-~oo p(t) = 0, there exists a c2 E (0,1) such that for t sufficiently large,
~(~(t)) _> c~y(~(t)). (9)
Combining (8) and (9) we easily obtain
y(a(tk)) > ClC2[a(tk)](n-1) An-ly(tk),
and so by (3) f(tk,
where c = clc2. If we now set v(t) = cAn-ly(t), it follows from (6) and (10) we get a contradiction with (5). In the case when L = 0, making use of (4), we again obtain a contradiction with (5). This proves the theorem when n is even.
Now suppose that n is odd and limt-,oo x(t) ~ O. Notice that, in view of limt--,oo p(t) = O, limt--,oo y(t) ~t 0 as well. Writing y(O'(t)) = [ y(cr(t)) ] y(21_n+lu(t)) y(21-"+la(t))J
and applying (iii) of the lemma to y(2l-"+la(tk)), we easily see that
y(21-n+l(T(tk)) ~> Cl[O'(tk)](n-1)an-ly(tk),
which implies
y(a(t~)) > Cldl[-(t~)]<"-l)a"-ly(tk),
where dl = infk>o{g(a(tk))/y(2Z-n+la(tk))}. The remainder of the proof now proceeds as in the case of n even.
Thus, we conclude that if a nonoscillatory solution x(t) of (1) exists, then it must satisfy lim,--.oo x(t) = limt_..~ y(t) = O. But this is possible only when l = 0 and n is odd, and in that case, due to (ii) of the lemma, we see that not only y(t) but also AJy(t), j = 1, 2,... n -1, tend monotonically to zero as t ~ eo. It follows from (H3) that x(t) is strongly monotone. This completes the proof.
The following theorem which is extracted from [13] shows that (5) is not only a sufficient condition but also a necessary one if some additional hypotheses are satisfied. In view of Theorems 1 and 2, we easily state the following necessary and sufficient condition for the oscillation of solutions of (1). (5) is a necessary and sut~cient condition for every solution of (1) to be oscillatory when n is even and to be either oscillatory or strongly monotone when n is odd. a"x(t) + q(t)lx(a(t) )l ~ sgn(x(a(t) ) ) = h(t), (14) where 0 < a < 1, q : I --* R is nonnegative and not identically zero on It, for any t, E I, and h satisfies (H2) and (H5). (14) is oscillatory when n is even and is either oscillatory or strongly monotone when n is odd, if and only if
THEOREM 3. If (H1)-(HS) are satisfied, then
Since f(t,x,y) = q(t)lylasgn(y), taking w(x) = Ixl a, and ¢(t) = [a(t)]a(n-l)q(t), where [a(t)] a(n) := ([a(t)](n)) a, it follows from Theorem 3 that every solution of
REMARK 1. The result we have in Example 1 is the discrete analog of the paper [15] for h(t) =-O. Moreover, if the function f( t, x, y) is given, for example, by
where the real number c~ and the function q(t) are as in Example 1, then the results in [15] cannot be applied. But, according to our Theorem 3, with w(
x) = [x[ae x and ¢(t) = [a(t)]a(n-1)q(t),
we can still conclude that every solution of (1) with f as defined above is oscillatory when n is even and is either oscillatory or strongly monotone when n is odd, if and only if [15] holds.
We end this paper with a theorem which provides a sufficient condition for the oscillation of solutions of (2) when n is even. 
then every solution of (2) is oscillatory when n is even.
PROOF. Let x(t) be a nonoscillatory solution of (2), which we take eventually positive. Define On the other hand, since Ap(t) is also an oscillatory function, we easily see that Az(t) must be eventually positive. In view of the fact that x(t) <_ z(t) and v(t) <_ t, using the increasing nature of z(t), it follows that z(t) = x(t) + a(t)z(r(t)) <_ x(t) + a(t)z(t), from which we obtain
z(t) = x(t) + a(t)xO'(t)) and y(t) = z(t) -p(t). It follows that z(t), y(t),
Now, as in the proof of Theorem 1, there exists c2 e (0, 1) such that z(t) > c2y(t). Then by (17) we get x(o'(t)) _> c211 -a(o'(t))]y(~r(t)).
Notice that inequality (9) is now replaced by (18). The remainder of the proof is similar to that of Theorem 1.
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A. ZAFER REMARK 2. We should note that if n is odd, then l = 0 is possible and therefore (17) cannot hold. However, since I > 2 in the case of unbounded solutions, by repeating the above arguments, one can easily show that every unbounded solution of (2) is also oscillatory when n is odd. EXAMPLE 2. Consider the neutral type delay difference equation
An[x(t) + a(t)x(r(t) )] + q(t)lx(a(t))J%gn(x(a(t)) ) = h(t),
where a and q are as in Example 1, 0 _< a(t) < 1, and (N2) holds. the every solution of (19) is oscillatory when n is even, and every unbounded solution of (19) is oscillatory when n is odd.
REMARK 3. Examples show that if T °o Ih(t)l < cx), then condition (20) is also a necessary one for the above conclusion to hold. However, this observation could not be proved in general.
